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Abstract. We construct a bounded plane domain which is Bergman complete but 
for which the Bergman kernel does not tend to infinity as the point approaches the 
boundary. 



The disc with center at a G C and radius r > we denote by A (a, r). We 
denote also E := A(0, 1). For a G C, < r < R < oo we denote the annulus 
P(a, r, R) := {z G C : r < \z - a\ < R}. 

Let D be a bounded domain in C n . Let us denote by L\(D) square integrable 
holomorphic functions on D. L^(L>) is a Hilbert space with the scalar product 
induced from L 2 (D). Let us define the Bergman kernel of D 

Kd(z) = sup{ 'ffi )|2 : / G Ll(D), f # 0}. 
II/IIl 2 (d) 

For the basic properties of the Bergman kernel and other functions introduced below 
see e.g [Jar-Pfl]. 

It is well-known that logi^D is a smooth plurisubharmonic function. Therefore, 
we may define 



The function (3d is a pseudometric called the Bergman pseudometric. 
For w, z G D we put 

b D (w,z) := inf{L /3D (a)}, 

where the infimum is taken over piecewise C 1 -curves a : [0, 1] i— > D joining w and 
z and Lp D (a) := j Q Pu(a(t);a'(t))dt. 
We call bo the Bergman distance of D. 

A bounded domain D is called Bergman complete if any 6^-Cauchy sequence is 
convergent to some point in D with respect to the standard topology of D. 
Any bounded Bergman complete domain is pseudoconvex. 
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The proof of the Bergman completeness is often based on the proof of the con- 
vergence of the Bergman kernel to infinity as the point approaches the boundary, 
i.e. the following property 

(*) lim Kr>(z) = oo. 

DBz^dD 

All known Bergman complete domains have the property (*). On the other hand 
there are domains satisfying (*) which are not Bergman complete (take the Hartogs 
triangle). Let us recall some known results on Bergman completeness and the 
property (*): 

- if D is a bounded hyperconvex domain in C n , then D satisfies (*) (see [Ohs 2]) 
and D is Bergman complete (see [Blo-Pfl] and [Her]), 

- if D is a bounded domain in C satisfying (*), then D is Bergman complete (see 
[Chen 2]), 

- all other known examples of Bergman complete domains (i.e. non-hyperconvex) 
satisfy (*), too (see [Chen 1], [Her], [Jar-Pfl-Zwo] and [Zwo]). 

As already mentioned it has not been clear whether the condition (*) is necessary 
for a domain to be Bergman complete. As we show below it is not the case. The 
example given by us is a bounded domain in C (Theorem 5). Let us underline here 
that the domain is given completely effectively. As a by-product we also get an 
effective example of a bounded fat domain in C not satisfying (*) (see Corollary 3). 
For the non-effective proof of the existence of such a domain see [Jar-Pfl-Zwo] . 

Below we restrict our considerations only to one-dimensional domains. 

For a domain D C C and a function / G O(D) we denote := ||/||i,2(£>)- 

For f,ge L 2 h (D) we denote (f,g) D := j D fgd\ 2 . 

For a fixed point z$ G C, < r < oo we define Oq{P{zq, r, oo)) as the set of 
holomorphic functions ip from 0(P(zq, r, oo)) such that their Laurent expansion in 
P(zq, r, oo) is of the form <p(z) = J2^Li jjz^yi ■ For such a function we also denote 

M-iW == and : = T^Sjh^- 

Let us formulate the following two simple estimates, which we shall use very 
extensively in the sequel: 

Lemma 1. Let p G O(A(z ,R)) (0 < R < oo). Then for any < r < R the 
following inequality holds: 

|2 ^ ' ||._||2 



MlA(*o,r) - ^IML^c-R)- 



Let ip G Oq{P{zq, r, oo)). Assume that r < s < t and r < t. Then the following 
inequality holds: 

log* - logs u2 
3gr 



WW P(z ,s,t) — Y gf _ \ Q g r 1 1^1 \P(z ,r,t)- 



At this place let us write down some technical property that we shall use in the 
sequel. Namely, the function u(x) := i°g*-ioga ' x > wnere < a < 6 < 1, is 
increasing, so u{x) < w(2), x G (1, 2). Moreover, u{2) < 2w(l), if a and b are small 
enough, for instance if a, b < exp(— 4). 

Below we shall consider sequences of positive numbers < rj < sj < tj, j = 
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1,2,..., j 7^ fc, A(zj, rj), j = 1,2, Additionally, we assume that zn — > 0. 

Then for such a fixed system of sequences we define domains 

oo 

D iV := J B\(|J A^r.OU-tO}), AT = 1,2,.... 

In the sequel we shall also denote D := D\. 

Additionally, we make some assumptions of the purely technical character that 
we impose on the sequences considered: 

(1) 



\zj\ 2 r 2 Sj /21ogs,- „ 21ogt 7 - /21ogSj Sj 
2 ^ W logrj logrj V logrj ^ 



Our first aim is to find some sufficient conditions for the system of sequences con- 
sidered above implying the following condition 

(2) liminf K D (z) < oo. 

DBz^O 

Lemma 2. Assume the following inequalities: 



oo OO , 

(3) V 8 -» < oo, V < OO, 

oo 1 

(4) V < oo. 

^ogr N 

Then there is a positive constant C such that 



Corollary 3. Let D 6e as above. Assume the convergence as in (3) and (4). 

2 

Assume also that Zm > 0, AT = 1, 2, . . . and V?? , ( 2 T 1 1- ? a rjV a \ 2 ) < oo. 

Then (2) is satisfied. 

It is easy to see that having given a sequence zn — > 0, < zn < 1, N = 
1,2,..., one may easily (completely effectively) construct sequence {r^v} such that 
the assumptions from Corollary 3 are satisfied. 

Proof of Corollary 3. In view of Lemma 2 for — | < z < the following inequalities 
hold: 

oo ^ 2 

K D{ ,) < C(A- E (-l/2) + + g^)). 

The last expression is finite by the assumption of the Corollary. □ 

Proof of Lemma 2. Fix for a while some > 0. Consider arbitrary F G L\{D^). It 



4 



WLODZIMIERZ ZWONEK 



,2 II/IIojv+i- 
N 



that F = f + g in .D^r, where / G C(-Dtv+i) and (7 G (9o(-P(^at, rzv; 00)). It is easy 
to see that / G L^Dn+i) and g G Lj l (P(zN,rN, R)), where 1 < R < 00. In view 
of Lemma 1 we have 

H/llA(z J v,r JV ) - lS~\\f\\A(z N ,t N ) - T2" 
AT 

Consequently, 

(5) ll/HL = ||/HL +1 - II/IIa^,^) > a - r h\\f\\l N+1 - 

N 

On the other hand Lemma 1 gives the following estimates 

\\9\\d n ^ \\9\\p( ZN ,r N ,t N ) = \\g\\p(z N ,r N ,l+\z N \) ~~ Ml P(z N ,t N ,l+\z N \) ^ 

(6) 

\0g(l + \z N \)-\Qgt N 2 lQgtAT 2 

(1 ~ ^(l + I^D-logr^^^ 1 ^™'^! 2 -!) " (1 " ^ioi^^^ 11 ^™^^!)- 
Now we want to find some upper estimates for the scalar product. 

\(f,g)D N \ < \(f,g)p( ZN ,r N ,SN )\ + \(f,g) D N \A(z N ,s N )\ — 

,r N ,SN )\\g\\p(z N ,r N ,s N ) + \\f\\D N \A(z N ,s N )\\9\\D N \A(z N ,s N )- 

Since 

\\f\\p(z N ,r N ,s N ) - ll/llA^jv.s^) < T^ll/llA^jv.tjv) < 72 



S N 2 
T^II/Hdjv+i 
JV 



and 



II || 2 < || 1 1=2 < log(l + \Z N \) -logSjy ,, ||2 

H5 , IId jv \A(2; J v,s J v) — \\9\\P(z N ,s N ,l+\z N \) — \ g(l _|_ \z N \) — log TjV P ( 2 -W' r ^' 1 +I z ^ D ' 

the following inequality holds 

(7) |</,<7>dJ< 

,rjv,l+|2iv|) ,rjv,l+|2]v|) ^ 

1 SiV , 21og% 2 2 

2^ + v "ToI^aT^^ 11 ^ 1 + 1^11^,^,1+1^1)^ 

Since 

II^IIL = + = ll/HL + IbllL + 2Re(/,<7> Djv , 

the inequalities (5), (6) and (7) give the following estimates 



I II 2 n 21ogtjy s N / 2 log Sat ^ 
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More generally, using the Laurent expansion of F G L\(D) in any annulus 
P(zj,rj,tj), j = 1, . . . , N we may find Fj G Oo(P(zj,rj,oo)) (the choice of this 



TV 



Fj is independent of N) and F<f G ©(Djv+i) such that F = Fq + Fi + . . . + F 
on Di, F — Fj extends to a function holomorphic onflU A(zj,rj). Note that 
F N G L 2 h (D N+1 ) and F, G L 2 h (P(zj,rj, R)), Tj < R < oo, j = 1, . . . , iV. 

Then in view of the inequality obtained in (8) applied recursively we get the 
following estimate 

II^IId> 



VViiiriia n 21ogtfc / 21 °g g fc s ^TTm r ? S J l 2l °S s i \\ , 



\F ll^-HX 11(1 _ ^- _ _ _ y ____)). 



The convergence of the series $^jv=i implies the convergence of the series 

2 

Sat=i 7^ an d 5 consequently, (3) implies that the infinite product 



"AT 



is positive. 

Moreover, inf J=lj2i ...{l - - - g-} is positive. 

This altogether gives the existence of an £ > such that for any iV 

/v 

( 9 ) \\ F \\d > £(\\Fo\\d n+1 + ^2\\ F jWp(z j ,r J ,l + \z J \))- 

3=1 

Our next aim is to show the local convergence of F^ to a function F holomorphic on 
E* = Uiv=i -^v- Then in view of (9) this convergence will imply that F G L^(F*) 
(consequently, we may treat Fq as an L^-function on E). Note that the desired 
convergence follows from the local uniform convergence of the series YlJLk \ F j( z )\ 
on Dk for any k = 1, 2, . . . , which is proven below. 

When we prove the above convergence then F = F + J2jLi F j on ^i an d the 
following estimate will hold: 

oo 

(10) Il^ll7b>^(ll^0||| + ^||^|]^,, rj , 1+ | z ,|)). 

i=i 

Let us introduce some auxiliary functions: 

fcj,_i(z) := 

sup{ l( y 2 ) " l(z)|2 : ^O (%,r 3 ,oo)), (^-1^0} = 

ll^-l|lp(^-,r 3 -,l+|^|) 

1 



2n\z - Zj\ 2 (log(l + \zj\) -logrv,) 
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for any j = 1,2, . . ., z e P(z j ,r j ,l + \zj\). 

Simple computations of the L 2 -norms (of the functions (<fi)-2 imply that there 
is some constant C (independent of j) such that 

Cr 2 r ■ Cr 2 
3 -riK E { — 3 —) = — 1 m , z e P(zj,rj,l + \zj\), j = 1,2,... . 

\ Z ~ Z j\ Z ~ Z 3 7r \\ Z ~ Z j\ r j) 

Note that for any k < N the following inequalities hold 

N N 

(£ \Fj( z )\) 2 < (E(i(^-)-iWi + muim 2 < 

3=k j=k 
N 

+ ll(^)-2||p(^,r J ,l + |, J |)fci / - 2 2 W)) 2 < 

N N 

N N 

(%2(h-i( z ) + h-2(z)))^2\\F j \\ 2 p {z . tr . A+M) , z e D k , 
j=k j=k 

which finishes the proof of the desired properties of F and (10) (use the estimates 
for (9) and use the condition (4) to get for any k the local boundedness 

of the last expression, independently of N) . 

Now we may prove the required estimate. In view of (10) we get the following 
estimate 

K D (z) = sup{^y^ : F G L 2 (D), F £ 0} < ± sup 

( (i^o(^)i + e^i(k^)-i(^)i + m)-2{z)\)) 2 f ^ o} z( _ d 

H^olll + E^idK^O-illp^.^.i+i^i) + ll( F j)-2||p( Z ., r . 5 i + | Z .|))' 

(the functions Fj in the formula above come from the decomposition of F considered 
earlier). And then proceeding as earlier we have 

Kd{z) < - sup 

e 



II^OHI + J2T=l(\\( F 3)-lWp(z J ,r j ,l + \z j \) + ll( F j)-2|| P(2j)rj)1 + | Zj | ) 

< -(K E (z) + J2(k-i( z ) + k-2( z ))), z G D, 
3=1 

which finishes the proof of the lemma (use the estimates for and ^,-2)- D 
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Remark 4. Note that the technical assumptions in (1) do not cause loss of gen- 
erality for z from the neighbourhood of (in particular, it does cause any loss of 
generality in Corollary 3). The convergence of the series in (3) and (4) implies that 
for j large enough the technical properties from (1) are always satisfied. Therefore, 
because of the localization principle of the Bergman kernel (see [Ohs 1]) the esti- 
mates as in Lemma 2 (for z from the neighbourhood of 0) remain valid without 
these technical assumptions. 

Let us formulate our main result. 

Theorem 5. There is a bounded domain DcC such that liminf 2 ^^j) Kd(z) < oo 
and D is Bergman complete. 

Proof. The domain stated in the theorem will be some of the domains considered 
earlier defined as D\. Below we shall impose some conditions on the sequences 
implying that the domain has the property as desired. Certainly, the point at 
which the Bergman kernel will not tend to infinity will be (all other points from 
the boundary force the Bergman kernel to diverge to infinity while tending to them) . 

Let us start with a sequence x n : = n > 2. We also define n 5 different points 
lying on the circle of radius x n . 

z n ,j ■= x n ex-p{i— =-), j = 0, . . . ,n - 1. 

Note that there is some C > such that 7^10 < \z n ^ — z n j\ and \z ny0 — z n ^\\ < ^ 
for any n and for any j, k = 0, . . . , n 5 — 1, j 7^ k. Define 

,19 



3Cn 10 ' 



exp(— n ), s n := exp(— n). 



We also define y n := . 

Note that for any n A(z n j, t n ) n A(z n> fc, t n ) = 0, j ^ k. We also easily see that 
for n,m large enough (for n, m > n > 2) the circles dA(0,y m ) are disjoint from 
the discs A(z n j,r n ), j = 0, . . . , n 5 — 1. Now we build a sequence {z^} by gluing 

together one by one the (finite) sequences {znj}™^ 1 (starting with n = n ). We 
associate to them the sequences t n , r n and s n in such a way that r^ (respectively, 
sn, ^at), where iV is such that zn is associated to z n j, equals r n (respectively, s n , 
t n ). For indices large enough the sequences satisfy the technical assumptions from 

(I)- 

Note that the convergence as in (3) and (4) for the sequences just defined will 
be satisfied when we prove that 



n 5 a n < 00, 



n=no 



where a n equals f 1 - or y s r n or log ^, . One can easily verify that this is the case. 
One may also check that 



^ ^9 
n n rz 



SUp{ V ( 1 r^—. r + 7, 1 ) ■ m = n , n + 1, . . .} < OO. 

z — ' i/™ — .t„ \ z l — nf r„ I I ?/™ — _r„ \ z — r z ) z 
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Therefore, applying Lemma 2, we easily see that there is some Mi < oo such that 
the following inequality holds 

oo 

(11) K D (z) < Mi for any z G |J 8A(0, y n ) C D. 

n=no 

It follows from (11) that the Bergman kernel of D does not diverge to infinity as 
the point approaches 0. 

On the other hand take any n > uq and take a point z G D fl <9A(0, x n ). 

Then 



(12) K D {z) > max{ |Z ^[ , j = 0, . . . , n 5 - 1} > i f > 



z n,j & II . P{x n ,r n ,2) 

n 20 n 20 



27rC 2 (log2-logr n ) 27rC 2 (n 19 + log 2) 



oo. 



Now we are ready to prove the Bergman completeness of D. Suppose that D is 
not Bergman complete. Then there is a Cauchy sequence {wk} with respect to the 
Bergman distance converging to the boundary (in the natural topology). It is easy 
to see that this sequence must converge to 0. Choosing if necessary a subsequence we 
get from the definition of the Bergman distance that there are a constant M 2 < oo 
and a continuous function 7 : [0,1) — > D such that lim^oT^) = 0, T| [0,1— e] is 
piecewise C 1 and Lp D (7|[o,i- e ]) < -^2 for any e G (0, 1). Note that the graph of 
7 must intersect any set <9A(0,;r n ) fl D for n > n\ with some n\ > no- Denote 
this point of intersection by v n . Then it follows from the definition of the Bergman 
distance that the sequence {v n } is a Cauchy sequence with respect to the Bergman 
distance. But, additionally, it follows from (12) that K D {v n ) tends to infinity as n 
goes to infinity. We prove below that this is impossible, which will finish the proof. 
We follow the ideas from [Chen 2]. 

By a result from [PA] there is a function / G L\{D) such that ||/||d = 1 and 

—> 1 f° r some subsequence {z Vj } (see [Chen 1] or [Chen 2]). Since functions 

bounded near are dense in L|(.D) (see [Chen 2], Lemma 4), there exists a function 
g G L\(D) such that || / — g\\r> < \ and g is bounded near 0. Then we have 

1 I,, I, ^\f(v nj )-g(v n )\ \f(v nj )\ \g(vn 3 )\ 
>\\f-g\\D> j==, . — > 



2 ^K D (v nj ) y^K D (v nj ) ^K D (v nj ) 

- contradiction. □ 

Remark 6. The last part of the proof of Theorem 5 is based on the density of 
functions from L\(D) locally bounded in in the space L|(L>). We quoted in this 
context the result from [Chen 2]. Actually, we may prove this result in the special 
case of domains considered in Lemma 2 directly with elementary methods (without 
the use of the solutions of the 9-problem). Namely, it follows from considerations 
in the proof of Lemma 2 that for any F G L 2 h {D) we have F = F + Yl'jLi Fj-> 
where Fj G L^(P(zj,rj,l + \zj\)) fl Oa(P(zj, rj, 00)), j = 1,2,... are as in the 
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on D. Define Gn '■= F + J2j=i Fj- Then Gn — > F locally uniformly. Assume that 
the convergence is in L^(L>)-norm. Then F may be approximated in L\{E) by 
bounded holomorphic functions on E and the functions Fj may be approximated 
in Lf b (P(zj,rj,l + \zj\)) by bounded holomorphic functions in P(zj,Tj,l + \zj\), 
j = 1, 2, ... . Consequently, this implies the density of H°°(D) in L^(D) (so a little 
more than it follows from the result of Chen). To finish the proof it is sufficient 
to show that Ylf=i Fj tends to Yl'jLi Fj in L 2 h (D). But this can be seen from the 
considerations similar to that in the proof of Lemma 2. Namely take 1 < k < I. 
Then 

I \Fk+F k+1 + . . .+F{\\ Dk = \ \F k \\ 2 Dk + \\F k+1 +. . .+Fjr|| Dfc +2 Re(F k , F k+1 +. . .+Fi) Dk . 
The last expression is not larger than (repeat the reasoning from the proof of (7)) 

(ll F fcl|p(* fcl r fc) i+|* fc |) + W F k+i + ■■■ + Fi\\ 2 Dk+1 )(l + J^ + ^logr^' 

Repeating this reasoning we get that the last expression is not larger than 
i min{z-i,j} ^ hlogs 

^ll^jllpfe.r^l + l^l) II (l + -^ + W 7—— -). 
j=k m=k tm V i0gr ^ 

The assumptions on the convergence from (3) and (9) easily finish the proof. 
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